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Detecting signatures of topological order
from microscopic Hamiltonians
• Topological orders in “realistic” and correlated  
model Hamiltonians    
(i)  Fractional quantum Hall effect 
(ii)  Fractional Chern insulators
(iii)  Interaction driven Chern insulators
[Tsui ’82, Laughlin ’83]
[Neupert et al, Sun et al, Tang et al ’11]
[Raghu et al ‘08]
➡ Efficient variational calculation of the ground state
➡ Extract characteristic fingerprints of topological order
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Detecting signatures of topological order
from microscopic Hamiltonians
• Infinite Density Matrix Renormalization Group (iDMRG)
[White ’92, McCulloch ‘07] 
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iDMRG:
Fractional Quantum Hall
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Fractional Quantum Hall
• 2D electron gas in magnetic field :  
highly degenerate “Landau levels”  
 
• Number       of degenerate orbits in each Landau level equal 
to number of flux quanta: Filling fraction
• Incompressible liquid at integer fillings
• Fractional quantum Hall effect (FQHE):  
Incompressible liquid due to interactions
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[Tsui, Stormer ’82, Laughlin ’83] 
[Klitzing ’80]
n = 1
Fractional Quantum Hall
• Consider the FQHE on an infinitely long cylinder 
- Orbitals are localized along the cylinder: Quasi 1D model 
using an occupation number basis 
 
 
 
 
 
• Infinite DMRG allows for significantly larger system than  
accessible using exact diagonalization 
x
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[Haldane & Rezayi ’94; Bergholtz et al. ’05,  Seidel et al. ’05] 
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M. P.  Zaletel, R. S. K. Mong, FP, PRL 110, 236801 (2013). 
M. P. Zaletel, Roger S. K. Mong, FP, and E. H. Rezayi, Phys. Rev. B 91, 045115 (2015).
• Topological entanglement entropy of the  
              FQHE with Coulomb interactions
Fractional Quantum Hall
⌫ = 1/3
S = sL   a
[Kitaev & Preskill, Levin & Wen ’06] 
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• Topological entanglement entropy of the  
              FQHE with Coulomb interactions
Fractional Quantum Hall
S = sL   a
⌫ = 7/3
log
p
3
[Kitaev & Preskill, Levin & Wen ’06] 
M. P.  Zaletel, R. S. K. Mong, FP, PRL 110, 236801 (2013). 
M. P. Zaletel, Roger S. K. Mong, FP, and E. H. Rezayi, Phys. Rev. B 91, 045115 (2015).
• Extracting topological content by adding a “twist” 
 
 
 
 
 
 
• Momentum polarization: topological spin,  
central charge, Hall viscosity
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M. P. Zaletel, R. S. K. Mong, FP,  J. Stat. Mech.  P10007(2014). 
M. P. Zaletel, R. S. K. Mong, FP, PRL 110, 236801 (2013).
Fractional Quantum Hall
(see also  Zhang et al. ’12,  Tu et al. ’13, Cincio & Vidal ‘13)
… …
• iDMRG on FQHE at               :  
Numerical  evidence for the  
existence of Fibonacci anyons!
Fractional Quantum Hall
M. P. Zaletel, R. S. K. Mong, Z. Papic, FP, (in preparation).
⌫ = 12/5
[Read & Rezayi ‘98]
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[Kitaev & Preskill, Levin & Wen ’06] 
Fractional Chern Insulators
[Neupert et al, Sun et al, Tang et al ’11][Haldane ‘88]
D. Sheng, Z.-C. Gu, K. Sun, and L. Shen ‘11  
N. Regnault and B. A. Bernevig ‘11 
E. J. Bergholtz and Z. Liu ‘13  
S. Kourtis, T. Neupert, C. Chamon, and C. Mudry, ‘12  
S. Kourtis, J. W. F. Venderbos, and M. Daghofer ‘13 
….
Fractional Chern Insulators
A. Grushin, J. Motruk, M. P. Zaletel, FP, Phys. Rev. B 91, 035136 (2015).
• Density Matrix Renormalization Group (DMRG) : 
Fractional Chern Insulators 
-              filling of the lowest band
- Circumferences up to             sitesL = 12
⌫ = 1/3
Adolfo Grushin, MPIPKS  
Johannes Motruk, MPIPKS  
Mike Zaletel, Station Q
Fractional Chern Insulators
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“Charge pumping”
A. Grushin, J. Motruk, M. P. Zaletel, FP, Phys. Rev. B 91, 035136 (2015).
“CFT counting”
[Li & Haldane ‘08] [Laughlin ‘81]
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Fractional Chern Insulators
• Numerical evidence for a first order metal to Fractional  
Chern Insulator phase transition
A. Grushin, J. Motruk, M. P. Zaletel, FP, Phys. Rev. B 91, 035136 (2015).
Interaction driven Chern insulators
[Raghu ’08 et al.]
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FIG. 2: Phase diagram for spinless fermions (t = 1). The
semi-metallic (SM) state that occurs at weak-coupling is sep-
arated from the CDW and the topological QAH states via a
continuous transition (blue curve). The line separating the
QAH and CDW marks a first-order transition (shown in red),
which terminates at a bi-critical point.
gap for the QAH state arises from many-body interac-
tions rather than single particle physics, and we shall
refer to such states as topological Mott insulators.
We have obtained the complete phase diagram in the
V1−V2 plane; within mean-field theory, there is a contin-
uous transition from the semi-metal to either the CDW
or the QAH phase and there is also a first-order transition
from the CDW to the QAH phase. By integrating out
the fermionic fields, it is possible to construct a Landau-
Ginzburg (LG) theory expansion near the nodal region
where the order parameters are vanishingly small. Due
to the linear dispersion of the Fermi points, the LG free-
energy contains anomalous terms of the form |ρ|3 and
|Im(χ)|3 arising from linear dispersion in the vicinity of
the Fermi points [15]. The significance of such terms is
that even within mean-field theory, the CDW order pa-
rameter, for instance, grows as (V1 − V1c) rather than
the usual (V1 − V1c)
1/2 [17]. Furthermore, the Landau-
Ginzburg theory describing the competition between the
CDW and QAH phases confirms the existence of the first
order line between these two phases that terminates in
the bicritical point leading into the semimetal phase [15].
Spinful fermions and the QSH state - Next, we take
into account the spin degrees of freedom and include
an onsite Hubbard repulstion in our model Hamiltonian
(µ = 0):
H = −
∑
⟨ij⟩σ
t
(
c†iσcjσ + h.c.
)
+ U
∑
i
ni↑ni↓
+V1
∑
⟨i,j⟩
(ni − 1)(nj − 1) + V2
∑
⟨⟨i,j⟩⟩
(ni − 1)(nj − 1) (8)
where ni = ni↑ + ni↓. Since the Honeycomb lattice is bi-
partite, onsite repulsion gives rise to a spin density wave
phase (SDW); a standard decomposition of the Hubbard
term introduces the order parameter M describing an
antiferromagnetic SDW: M = 1
2
(⟨SiA⟩ − ⟨SiB⟩) . As
in the spinless case, nearest-neighbor repulsion favors a
CDW. However, there are several possible phases due
to second-neighbor repulsion. Again, since the second-
neighbor repulsion is frustrated, we are again led to the
possibility of a topological phase similar to the QAH.
However, the spin degrees of freedom introduce two pos-
sibilities (translation invariance along with spin conserva-
tion eliminate other possibilities): 1) two copies of QAH
states - i.e. the chirality of the second-neighbor hopping
is the same for each spin projection, 2) the QSH state,
where the chiralities are opposite for each spin projection.
The latter possibility breaks a continuous global SU(2)
symmetry associated with choosing the spin projection
axis; however, time-reversal symmetry is preserved. The
QSH state on the honeycomb lattice was considered in
Ref. [7], where the insulating gap arises from the micro-
scopic spin-orbit coupling. It was shown latter that the
magnitude of of the spin-orbit gap is negligibly small in
graphene [18, 19]. In our case, the insulating gap is gen-
erated dynamically from the many-body interaction. In
this sense, our eﬀect can be viewed as an example of dy-
namic generation of spin-orbit interaction[20]. Introduc-
ing the Hubbard-Strataovich fields (sum over repeated
indices implied) χµij = c
†
iασ
µ
αβcjβ , µ = 0 . . . 3, where
σµ = (1,σ), the next-neighbor interactions can be re-
cast using the identity (ni−1)(nj−1) = 1−
1
2
(
χµij
)†
χµij .
Physically, if ⟨χ0⟩ ≠ 0, then we are in the QAH phase.
If, on the other hand, one of the vector components
⟨χi⟩ ≠ 0, then we are in the QSH phase. A transla-
tionally invariant decomposition of the next-neighbor in-
teractions via ⟨χµi,i+bs⟩ = χ
µeiφ
µ
A , i ∈ A (and similarly
for the other sublattice) gives rise to a 4×4 Hamiltonian
is readily diagonalized in a tensor product basis σ ⊗ τ ,
where σ and τ are Pauli matrices in spin and sublattice
space, respectively. This way, each phase corresponds to
a particular non-zero expectation value of a fermion bi-
linear
∑
k⃗ Ψ
†
k⃗
dˆ(k⃗)Ψk⃗, where dˆ(k⃗) ∝ τ
3 for the CDW and
QAH, dˆ(k⃗) ∝ σ3τ3 for SDW and QSH. A detailed study
of the free-energy at T = 0 and its saddle point solu-
tions [15] produces the phase diagram shown in Fig. 3.
In addition to the ordinary CDW and SDW insulating
phases, there is a phase for V2 > V2c ≈ 1.2t in which
the 4-vector is purely imaginary (as in the spinless case),
collinear, and staggered from one sublattice to the next:
⟨χµii+bn,A⟩ = −⟨χ
µ
ii+bn,B
⟩, and both QAH and QSH are
equally favorable ground states, having identical free en-
ergies within mean-field theory. Additionally, there is
never a coexistence of both QAH and QSH phases; in-
deed, a Landau-Ginzburg treatment in this region explic-
itly shows the absence SO(4) symmetry of the vector χµ.
This occurs due to the diﬀerence of the manner in which
χ0 and χ⃗ are coupled to the fermionic fields - which favors
either a phase with broken Z2 symmetry (QAH) or with
broken SU(2) symmetry, but never both simultaneously
C. Weeks and M. Franz '10  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• Characterization of intrinsic topologically  
ordered systems
- Numerical evidence for the existence of  
Fibonacci anyons in                FQH
- Stability of an FCI phase in the Haldane model
- Absence of an interaction driven Chern insulator  
on the honeycomb lattice model
⌫ = 12/5
Summary
